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Abstract The paper discusses the numerical 
solution of the thermally isolated crack 
problem using singular integral equations. A 
circular crack is given in an infinite body, on 
which the temperature distribution function is 
known. Determination of the intensity 
coefficients for stress distribution in a small 
region near the crack tips is based on a first-
kind singular integral equation, which is 
solved using Markov-type quadrature 
formulas. The values of stresses in the vicinity 
of the crack are determined by Cauchy-type 
integrals; for their computation Professor M. 

adratic formula is used. A 
specific test problem is discussed. The 

a symbolic language. 

 
Introduction 
The real strength of solid bodies essentially 

depends on real structural defects. In real 
materials, there always exist numerous 
microdefects of various types; under the action 
of an applied load, their growth in the direction 
of defect extension gives rise to cracks, which 
ultimately result in local or complete fracture 
of the body. As experience shows, this 
phenomenon is especially characteristic of 
brittle or quasi-brittle deformable solids. 

The study of strength issues for structural 
elements and cracked structures is of great 
interest to many well-known researchers. 

Many monographs are devoted to the theory 
of brittle fracture of solids: N. Morozov [1], V. 
Panasyuk, S. Savruk, A. Datsyshyn [2], V. 
Panasyuk [3], G. Cherepanov [4], N. 
Muskhelishvili [5], L. Sedov [6]. A broad 
review of these works is presented in the 
monograph [6]. In these works, one of the most 
important lines of research is accounting for 

the redistribution of stresses in bodies when 
cracks and holes arise in them. 

 
Main body 
In the present work, numerical solutions of 

crack problems are studied using a singular 
integral equation. In particular, the numerical 
solution of the thermally isolated crack 
problem is considered. 

Let an infinite body contain a thermally 
isolated crack along a segment. Assume that, 
in the body without the crack, the temperature 
distribution is described by a given harmonic 
function. Then the total temperature can be 
represented in the following form: 

 

                   

(1) 
where is the disturbed temperature field 

caused by the crack. Since the crack is 
thermally isolated, the following condition 
holds on its boundary [2]: 

 

,   (2) 

 
which, taking (1) into account, can be 

written as: 
                               

 

(3) 
 

From the condition of temperature 
continuity at the crack tips it follows that: 
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       (4)  
 

Thus, the problem reduces to determining a 
harmonic function that vanishes at infinity and 
satisfies conditions (3) and (4). 

Represent the disturbed temperature in the 
following form: 

where is any piecewise holomorphic 
function. Then: 

Let us also introduce the distribution 
function. Therefore, the stress distribution in a 
small neighborhood of the crack tip will be 
known if the stress intensity coefficient is 
determined. Hence, determining the intensity 
coefficients and is of essential 
importance: 

which describes the temperature jump when 
crossing the crack line. As is known [2], for 

 one obtains a first-kind singular integral 
equation: 

with the additional condition: 
We can obtain a numerical solution of the 

boundary-value problem (8) and (9) using the 
algorithm constructed by Zurab Kapanadze: 

 

             

                   

( ) 

It is implied that possesses the 
corresponding smoothness; moreover, as 

, in expression (10) the corresponding 

limit is understood. When is a 
polynomial, it is clear that for any 

the given quadrature formula is 
exact; and if the values in (10) are chosen so 
that the equality holds: 

                                                               

                        

then, for the corresponding values of  (by 
condition (11)), for the following singular 
integral: 

 

 

 
we obtain the quadrature formula: 

                                                             

Quadrature formulas of this structure, 
known in the literature as Gaussian quadrature 
formulas for singular integrals, are determined 
completely unambiguously for a given by 

the values of the  singularity points. 

From this it follows that the number of values 
of the singularity parameter  for which the 
highest algebraic degree of accuracy of 
formulas of the form (12) is achieved is strictly 
limited. 

In this regard, considering the practical 
effectiveness of quadrature formulas that have 
a relatively high degree of accuracy, it is 
natural to attempt, to some extent, to increase 
the number of such singularity points . In 
relation to formulas of the type (12), this may 
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be realized at the expense of some reduction in 
accuracy, but in such a way that the resulting 
quadrature formulas still have a significantly 
higher accuracy than the interpolation-
accuracy formulas that are used much more 
often (or formulas close to them). As 
numerical experiments show, as the value of 
is gradually decreased within given bounds, 
we obtain quadrature formulas with somewhat 
reduced, yet still near-Gaussian accuracy. 

In constructing the most effective high-
accuracy formulas for singular integrals of the 
form (12), computational experiments play a 

very essential role. In this context, it should 
once again be noted that the known 
effectiveness of using increased-accuracy 
quadrature formulas for singular integrals is 
confirmed by the numerical solution of 
problems related to solving integral equations 
containing Cauchy principal value singular 
integrals. 

 
 
 
 
 

In (6), the function has the following form: 

 
where:  

 
Knowing what the function is, from 

relation (6) we determine the disturbed 
temperature . 

For a fixed point , we can compute the 
integral by an ordinary quadrature formula, but 
the order of accuracy decreases substantially as 

the point approaches the boundary points of 
 (especially when  

We compute the integral using the 
quadratic formula constructed by Professor 
Murman Kublashvili [7]: 

 

where:  
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Table 1 presents an approximate computation table for the integral using the algorithm given 
above, for different values of in the neighborhood of the point , when .



SCIENTIFIC-TECHNICAL JOURNAL BUILDING # ( ), 2025 
 

71 
 

Table 1 
n )(zF

i46915.360173.3

 
Thus, as can be seen from the table, by 

means of the above algorithm , 
at special points (the crack ends) for an 
accuracy order of is achieved. 

 
Conclusion 

 
Thus, the considered thermally insulated 

crack problem is reduced to a first-kind 
singular integral equation, in which the 
singular integral is replased by a numerical 
calculation scheme developed by us , 
distinguished by the simplicity of calculations 
and the relatively high accuracy of the 
obtained results (Gaussian- type accuracy) as 
confirmed by the results presented in the table. 
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