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Abstract 

A narrowly stationary two-component sequence  
1

,i i i
X


  is considered on the probability space 

 , ,F P . The control sequence  
1i i

  ( : ,  1,2,...)i i   is discrete  1 2, ,..., rb b b  , 

( )m miP b p  , 1,m r , 1,2,...i  , 
1

1
r

m

m

p


 .  
1i i

X


 ( : ,  1,2,...)iX R i   is a conditionally 

independent sequence, those members represent observations of some random variable X . The 

conditional distributions 
i mX b

, 1,m r  have unknown densities ( )mf x , 1,m r ,  respectively. A core 

Rosenblatt-Parzen-type estimate of the density is 
1

( ) ( )
r

m m

m

f x p f x


  constructed from the dependent 

observations. The accuracy of this estimate is determined by the metric 1L .  A special case obtained by 

using the Bartlett core and taking the smoothing coefficient as a specific sequence is considered. 

2010 Mathematics Subject Classification.  62G05.    62G07 

Introduction 

During statistical studies of practical tasks, parametric and non-parametric estimates are 

obtained. One important issue is the construction of an estimate of the density of the distribution. 

Until recently, estimates were made by independent observations. Many problems require 

consideration of dependent observations. 

Long-term financial independence studies of investment and insurance companies are 

constantly conducted in the financial market. It is necessary to assess the risks of banking investments. 

For this purpose, an analysis of the flow of reinvestments is carried out, and the indicators of the 

financial stability of the companies are evaluated. 
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The listed and other tasks require statistical analysis not only with independent, but also with 

dependent data. Research in this direction has actually just started. And there is a rich historical 

experience of constructing non-parametric estimates of density through independent observations. 

Let’s the quantities iX , ( iX R ), i = 1,2... represent independent observations of a random 

variable X . Let's say a quantity has an unknown density  g x . In M. Rosenblatt and E. In Parzen's 

works (see [1], [2]), the class of core estimations is considered as a density  g x estimation. 

    
1

ˆ , ,
n

n
n n n i

i

a
g x a k a x X

n 

          (1) 

where  
1n n

a


 is a sequence of positive numbers such that   

 lim , ,n n
n

a a o n


                    (2)  

and the core  K x  according to Lebesgue is a integrated certain Borel function. 

The accuracy of this type of density 2L approximation constructed by independent 

observations ([1], [3], [4]) and metrics ([5]) has been determined under different conditions. 

It is known by L. Devroye (see [5]) the accuracy of the metric 1L  of the estimate constructed  by 

independent observations of the density. Let's state this result as a lemma. We will use it during the 

proof of our theorem. 

Definition 1 (see [5]). Let us denote by F , the set of such functions  f x  (see [5]) that satisfy 

the conditions:  f x  is absolutely continuous and has a derivative almost everywhere, f  , f   are 

absolutely continuous and has a derivative almost everywhere, f  , f  are bounded and continuous. 

Definition 2 (see [5]). Let’s denote by   the set of such functions  x  (see [5]) that satisfy the 

conditions:  x  is a density with a compact carrier having derivatives up to the fourth order 

(including) F  , F  and    (1 )a x a x a   

Definition 3 (see [5]). Let’s denote by K  the class of densities bounded on R  with a compact 

carrier on (see [5]), for that  ( ) ( )K x K x   

Lemma (see [5]) Let’s the quantities iX  , ix R  , 1,2,...i  represent independent observations 

of some random quantity X  having an unknown density  g x  with a compact carrier. Let's say 

 ˆ ,n ng x a  is determined by the equality (1),  K x K   and na  is a sequence (2), then for the quantity 

 ˆ( ) , ( )n n nJ a g x a g x dx







   is fair the estimattion 

 
2

0

2 1
( ) ( ) sup ( )

2

n n
n a

an

a a
EJ a g x dx g x dx o

n a n

 



 

      
 

 


 


,   (3) 

where  

2 ( )K x dx





  ,  2 ( )x K x dx





  , 

  , and the symbol  - is a composition of functions. 
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If at the same time ( )g x F , then 

2

2 1
( ) ( ) ( )

2

n n
n

n

a a
EJ a g x dx g x dx o

n a n

 



 

 
    

 
 





.                            (4) 

Recently, statistical analysis of samples consisting of different types of dependent observations 

has start. 

We will construct a core Rosenblatt-Parzen-type estimation of the density with dependent 

observations. We consider conditionally independent observations. We will determine the accuracy of 

the built estimate with a metric 1L . 

On the probabilistic space (Ω, F, P) let us consider the two-component stationary (in the narrow 

sense) sequence of random variables  

 
1

,i i i
X


                                                                   ( 5) 

Where, : , : m

iX R  and      is some space. 

Definition 4. The sequence  
1i i

X


 in (5) is called a conditionally independent sequence (see. 

[6],[7],[8]) controlled by the sequence  
1i i

  if for any natural n  and the fixed trajectory 

 1 1 2, ,...,n n     the values 1 2, ,..., nX X X  become independent and for all natural numbers i , l , n , 

1 2, , , lj j j , 2 ;l n  i n ; 1 21 ... lj j j n      the equalities   

  1 1 1 2 21 2

1

, , ,
... ,

,

j j j j j jj j j n l ll

i ii n

X X XX X X

XX

  



   


 

are fulfilled, where  
X Y

 is the conditional distribution of the value X  under the condition Y . The 

conditionally independent sequence  
1i i

X


 in (3) is called a sequence with chain dependence (see. 

[9],[10],[11]) if  
1i i




 is a finite Markov chain with discrete time.  

We are considering the case, when the members of sequence 1{ }i i  are independent and 

identically distributed discrete random variables 

 1 2, ,..., rb b b   ;   1 i iP b p    , 1,i r  , 1 2 ... 1rp p p    . 

Remark: If the members of a sequence  
1i i

X


 represent elements of a statistical sample or 

observation, they are called conditionally independent (or, accordingly, chain dependent) 

observations. 

To determine the accuracy of estimates constructed with dependent observations, it is necessary 

to study the asymptotics of the sums of dependent random variables. In this process, the research 

methods of distribution of sums of independent random variables are is extended to dependent random 

variables. Markov dependence is considered in many practical and theoretical problems. It is one of 

the forms of weak dependence. Other forms of weak dependence are also known. In the works [6] and 

[9] are considered limit distributions of sums of conditionally independent random variables and limit 

theorems for functions defined on the Markov chain.  Many authors consider sums of random variables 

whose joint distribution is determined by some "control" sequence of random elements. I. Bokuchava, 

Z. Kvatadze and T. Shervashidze established limit distributions of normed sums for conditionally 
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independent random variables (see. [7], [8]) and for random variables with chain dependence ([10], 

[11]). 

The study of the asymptotic behavior of the sums of dependent random variables made it 

possible to consider dependent observations in the theory of statistical estimates. From the second half 

of the twentieth century, the construction of statistical estimates with dependent observations began. 

In this regard, the question of constructing a non-parametric estimate of the density on the dependent 

observations is particularly relevant. In the work of Yakowitz Sidney [12], estimates of density and 

regression coefficients are constructed from observations bound in a Markov chain. The accuracy of 

the density estimation constructed by  dependent observations by the  metric 2L  is known (see [13]). 

In the series of works [14-16], the Rosenblatt-Parzen-type kernel estimates of the density are 

constructed with chain dependence observations and conditionally independent observations. Their 

approximation accuracy with metrics 2L  and 1L is considered. Z. Kvatadze and B. Pharjiani's case 2r 

, the accuracy of the estimations constructed with both types of dependent observations was 

determined by metric 2L  (see [14]). In general, the estimate accuracy   constructed for observations 

with chain dependent is established 1L   (see [15]) and 2L   metrics (see [16]). 

Methodology  

During the proof of the theorem is applied the method I. Bokuchava, T. Shervashidze and Z. 

Kvatadze presented by in [10, 11]. Using this method, they determined the limit distributions of the 

normed sums of conditionally independent sequences (see [8]) and sequenge with chain dependence.  

The asymptotics of the conditional and unconditional distributions of the geometric mean of 

conditionally independent random variables and random variables with chain dependence were 

investigated (see [17], [18]). This method became possible to use in the theory of statistical estimations 

(see [14]). The method uses the decomposition of the sum to be estimated into sums corresponding to 

the values of the control sequence. On the fixed trajectory  1 1 2, ,...,n n     of the control sequence 

(5), the second components of the sequence (observations  
1i i

X


) become independent. The sums 

obtained from them are uncorrelated and consist of independent and uniformly distributed random 

variables.  

Main Results  

Let’s consider the sequence (5). i , 1, 2,.i  .., are independent and identically distributed 

discrete random variables. Let's assume that 

 1 2, ,..., rb b b   ;   1 i iP b p    , 1,i r  , 1 2 ... 1rp p p    . 

 Let us fix the trajectory  1 1 2, ,...,n n     of the sequence  
1i i




. In this case, we denote by the 

values  1n ,  2n ,…,  n r , the frequencies of accepting the values 1b , 2b ,..., rb   (respectively) by the 

members 1 , 2 ,..., n  of the sequence  
1i i




. 

   
1

I
k i

n

n b
k

i




 
 ,        1,i r , 

where  
I  is the indicator function. Obviously the equality is fair    
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     1 2 ...n n n r n      . 

Theorem. Let’s consider the sequence (5). Let’s say that members of the control sequence  
1i i




 

  1 2: , ,...,i rb b b   are independent, identically distributed, discrete random variables 

  1 2, ,..., rb b b  ,  1 k kP b p  , 1,k r , 1 2 ... 1rp p p    . Let us say that the sequence of 

positive numbers na  satisfies the conditions (2). Let's say that for each function 1: ,R   for that 

 iE     when noccurs the convergence  

                                   1( )
1

1 n
Ei

jn
    


      a. e.                             ( 6) 

Let’s say that the members of the sequence  
1i i

X


 are conditionally independent observations on some 

random variable X  and the conditional distributions 
1 1 iX b , 1,i r  have unknown densities ( )if x , 

1,i r  with a compact supports.   If inequalities  

 n i
i c

D
n n

 
 

 
 ,      1,i r  ,         (7) 

are fulfilled for frequencies  n i , 1,i r , then for each natural number n , the density estimate   

   
1

r

i i

i

f x p f x


  is the sum     
1

ˆ ,
n

n
n n n i

i

a
f x a K a x X

n 

  , where  K x K  , and for the value 

 ˆ( ) ( , )n n nJ a f x a f x dx





   the estimate  

1

2
( ) ( )

r
n

n i i

i

a
EJ a p f x dx

n



 

  


 

 
2 4

01 1

1
sup ( )

2

r r
n

i i a i

ai in

a
p f x dx c o

a nn






 

      
 

  ,   ( 8) 

 

is satisfied, where  

                              2K x dx





  ,      2x K x dx





  ,  a  .   

If also  if x F , 1,i r , then  

2 4
1 1 1

2 1
( ) ( ) ( )

2

r r r
n n

n i i i i i

i i in

a a
EJ a p f x dx p f x dx c o

n a nn






 

   

 
     

 
     (9) 

Proof. Of  Theorem. Let’s apply the method used in [10] [11]. Let's decompose the sum  ˆ ,n nf x a into r  

sums. Let's fix the trajectory  1 1 2, ,...,n n    . For each number i  (1 i r  ), we separately group the 

terms of those observations 1 2, ,..., nX X X out of the sum of  ˆ ,n nf x a , the corresponding 1 2, ,..., n  

control random variables of which took the value 9. Let's renumber the members of each sum.  

0 ( ) 0i  ,  1( ) min{ | ;  }m m i ii j j n b      ; 1,i r , 1, ( )nm i . 
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It turns out r  sequence of indices 

  1 2 ( )( ),  ( ),  ... ,  ( )
n ii i i   ,  1,i r . 

The equalities are fulfilled for them  

( ) ,    1, ,    1, ( )
m i i nb i r m i    . 

Now let's present the sum  ˆ ,n nf x a  as following  

1

( )ˆ ˆ( , ) ( , )
r

n
n n in n

i

i
f x a f x a

n




, 

where  
( )

( )

1

ˆ ( , ) ( ( )),   1, .
( )

n

m

i

n
in n n i

mn

a
f x a K a x X i r

i 

  





 

It is obvious that if ( ) 0n i  , then the corresponding sum  ,  does not exist. 

Let us show that are finite  and  values. 

Let's represent the value  ˆ ,n nEf x a  as a conditional mathematical expectation on the fixed 

trajectory 1n   

   
 

 1 1

1

ˆ ˆ ˆ, { ( , | )} { ( , | )}
r

n

n n n n n in n n

i

i
Ef x a E E f x a E E f x a

n


 



   . 

Let us take into account that, random variables ( )n i , ( 1,i r )  are commensurate with respect 

to the  -algebra induced by the partitioning of the space   generated when fixing the trajectory 1n  

(see [19]). Therefore, we can take them out of the determined by condition 1n  conditional 

mathematical expectation sign. Random variables ( ) ,   1, ( )
m i nX m i   are independent when the 

trajectory 1n  is fixed. They have the same conditional distribution 
1 1 iX b  with density ( )if x . 

 
  ( )

( ) 1

1 1

ˆ , { ( ( ( )) | )}
( )

n

m

ir
n n

n n n i n

i mn

i a
Ef x a E E K a x X

n i 

   








 

 
1 ( ) 1

1 1

( )
{ ( ( ) ( ( )) | )} ( ( )) ( ) ( )

( )

r r
n n n

n n i n n n i

i in

i a i
E E i K a x X a K a x u f u duE

n i n



  

     

 
 


 

Based on the condition (6), the equality 
 n

i

i
E p

n


  is fulfilled. Let's take into account that 

( )K x  is an even function and transform the variable ( )na u x t   under the integral sign. Will be 

obtained the equality 

 
1

ˆ , ( ) ( )
r

n n i i

i n

t
Ef x a p K t f x dt

a



 

   . 

( )K x  is a density and ( )if x  is a density bounded by a finite constant. Therefore,  ˆ ,n nEf x a  is a 

finite quantity. 

Let us show that the quantity  ˆ ,n nDf x a  is finite. 

      2

1
ˆ ˆ ˆ, { ([ , , ] | )}n n n n n n nDf x a E E f x a Ef x a    

 ˆ ,in nf x a 1,i r

 ˆ ,n nEf x a  ˆ ,n nDf x a
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  2

1

1 1

ˆ ˆ{ ([ , , ] | )}
r r

n n

in n in n n

i i

i i
E E f x a E f x a

n n

 


 

     

 
    2

1

1

ˆ ˆ{ ([ ( , , ] | )}
r

n

in n in n n

i

i
E E f x a Ef x a

n






   

On the fixed trajectory 1n , the quantities   ( )mn iK a x X 
, 1, ( )nm i , 1,i r  and 

accordingly, the sums  ˆ ,in nf x a , 1,i r  are independent.  

 
 

   2 2

1

1

ˆ ˆ ˆ, { ( ( ) [ , , ] | )
r

n

n n in n in n n

i

i
Df x a E E f x a Ef x a

n

  


  

 
   2 2

1

1

ˆ ˆ{( ) ([ , , ] | )}
r

n

in n in n n

i

i
E E f x a Ef x a

n






    

 

 
     

 
2 2

( ) ( ) 1

1 1

{( ) ([ ( )] | )}
n

m m

ir
n n

n i n i n

i mn

i a
E E K a x X EK a x X

n i 

     


 





 

 

 
  

 

  2 2 2

( ) ( ) 1

1 1

{( ) ( ) ( [ ] | )}
n

m m

ir
n n

n i n i n

m jn

i a
E E K a x X EK a x X

n i 

     


 





 

       
1 1

2
2

( ) ( ) 12
1

{ ( [ ] | )}
r

n
n n i n i n

i

a
E E i E K a x X EK a x X

n

         

 

     
 2

2

1

[ ( ) ] ( ) ( )
r

nn
n n i i

i

ia
K a x u K a x y f y dy f u duE

n n

 

  

     


 

Apply Equation 
 n

i

i
E p

n


  again. Let's apply the same variable transformation inside the 

integral sign as when considering the expression  ˆ ,n nEf x a . Will be obtained the equality 

     2

1

ˆ , [ ( ) ( ) ] ( )
r

n
n n i n i i

i n

a t
Df x a p K t K a x y f y dy f x dt

n a

 

  

      . 

Considering the properties of ( )K x  and equalities (2), it is clear that  ˆ ,n nDf x a  is finite. 

Let's estimate ( )nEJ a . 

1
ˆ( ) [ ( ( , ) ( ) | )]n n n nEJ a E E f x a f x dx





            

1

1 1

( ) ˆ[ ( ( , ) ( ) )]
r r

n
in n i i n i

i i

i
E E f x a p f x dx A

n



 

   


                    ( 10) 

 Each summand iA  is estimated in the same way.  

1

( ) ˆ[ ( ( , ) ( ) )]n
i in n i i n

i
A E E f x a p f x dx

n





  


  

1 1

( ) ( ) ( )ˆ[ ( ( , ) ( ) )] [ ( ( ) ( ) )]n n n
in n i n i i i n

i i i
E E f x a f x dx E E f x p f x dx

n n n
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1 1 1 2

( ) ( )ˆ{ [ ( , ) ( ) ]} { [ ( ) ]}n n
in n i n i i n i i

i i
E E f x a f x dx E E p f x dx A A

n n

 
 

 

 

        

  ˆ ,in nf x a  is a density estimate ( )if x  constructed from independent and identically distributed 

observations on a fixed trajectory 1n . To estimate the quantity
1

ˆ[ ( , ) ( ) ]}in n i nE f x a f x dx 




 , we apply 

inequality (3).   

1 1

( ) ˆ{ [ ( , ) ( ) ]}n
i in n i n

i
A E E f x a f x dx

n








  

 

 

 

( ) 1

1

{ [ ( ( )) ( ) | ]}
n

m

i

n n
n i i n

mn

i a
E E k a x X f x dx

n i














   

 

 
 

2
0

2 1
{ [ ( ) sup ( ) ( )]}

2 ( )

n n n
i a

an n n

i a a
E f x dx f x dx o

n i a i

 
 

  

 

 

      

According to the condition of theorem (6), the equations are fulfilled   

 n

i

i
E p

n


  , 

 
lim n

i
n

i
p

n




 . 

Therefore   ~n ii np  and accordingly we have equality. 

 
n n

n

a a
o o

i n

   
       

. 

The following assessment of the summand 1iA  is valid  

 
 1 2

0

2 ( ) 1 ( )
( ) { } sup ( ) ( )

2

n n n
i i a

an n

i a i
A f x dxE f x dxE

n i a n

  
 

 

 

 

    

( ) 2 ( )
( ) ( )n n n n

i

a i a i
o E f x dxE

n n n n

  







    
2

0

sup ( ) ( )
2

i n
a i

an

p a
f x dx p o

a n






 

   . 

Let's apply the inequality 
( ) ( )n n

i

i i
E E p

n n

 
  .   

 1 2
0

2
( ) sup ( ) ( )

2

n i i n
i i a i

an

a p p a
A f x dx f x dx p o

n a n


 



 

 

     . 

We take the value 
( )

( )n
i

i
p

n


  out of the sign of the conditional expectation (see [19]). Let's 

apply condition (6) and inequality (7). The following inequality will be obtained  

2

2 1

( ) ( ) ( )
[ ( ( ) | )] ( )n n n i

i i i n i i

i i i C
A E p E f x dx E p E p

n n n n

  






       . 

Finally, the following estimation of the summand iA  will be obtained  

 
2 4

0

2
( ) sup ( ) ( )

2

in i i n
i i a i

an

Ca p p a
A f x dxE f x dx p o

n a n n


 



 

 

      . 

We apply this estimation in inequality (10) and will be obtained the estimation of theorem (8). 
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The estimation of (9) is obtained directly from (8). Let's apply the following fact shown in [5] 

while proving the inequality of Lemma (4). For  g x F  class functions, the expression 

 
0

sup ( )a

a

g x dx



 

   does not depend on the selection of the  function  x  , and the equality is 

shown 

 
0

sup ( ) ( )a

a

g x dx g x dx

 

  

     

Corollary 1. If under the conditions  K x  of theorem is Bartlett's core 

 

Then for each natural number n  is the estimation of the density     
1

r

i i

i

f x p f x


  is presented by 

sum 

  2

1
[ ]

1

3
, (1 [ ( )] )

4 i
n

n
n

n n n i
x X

i a

a
f x a a x X

n  


     

and  for quantity  ( ) ( , )n n nJ a f x a f x dx





  , we have the estimate 

1

3 2
( ) ( )

5

r
n

n i i

i

a
EJ a p f x dx

n 



 

    

                     
2 4

01 1

0,1 1
sup ( ) ( )

r r
n

i i a i

ai in

a
p f x dx c o

a nn




 

      .             (11) 

If also  if x F , 1,i r , then the inequality is fulfilled 

2 4
1 1 1

3 2 0,1 1
( ) ( ) ( ) ( )

5

r r r
n n

n i i i i i

i i in

a a
EJ a p f x dx p f x dx c o

n a nn

 

   

        .         (12) 

Proof.  It is clear that    K x K x  ,  
3

4
K x   and  K x  have a compact support. Therefore, 

it satisfies the conditions of the theorem.  The inequalities (11) and (12) are obtained from (8) and (9) 

if we calculate   and   the quantities        

 
1

2 2 2

1

3 3
(1 )

4 5
K x dx x dx



 

      

 
1

2 2 4

1

3 1
( )

4 5
x K x dx x x dx



 

     . 

Corollary 2. If we apply the sequence na n  under the conditions of Corollary 1, we obtain 

the estimation of density    
1

r

i i

i

f x p f x


      

    2

[ 1]

3
(1 )

4
x

K x K x x
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  2

1
[ ]

1

3
, (1 [ ( )] )

4 i

n

n n i
x X

i n

f x a n x X
n  



     . 

The estimations are obtained from inequalities (11) and (12) 

4
1

1 6
( ) ( )

5

r

n i i

i

EJ a p f x dx
n 



 

    

 
4 4

01 1

0,1 1 1
sup ( ) ( )

r r

i i a i

ai i

p f x dx c o
n n n




 

      

4 4 4
1 1 1

1 6 0,1 1 1
( ) ( ) ( ) ( )

5

r r r

n i i i i i

i i i

EJ a p f x dx p f x dx c o
nn n n

 

   

        

Discussion 

Let's note that when proving the theorem, the trajectory of the control sequence

 1 1 2, ,..,n n     is fixed and the quantity ( )nEJ a  is presented as  1( ) ( ( ) )n n nEJ a E E J a  . This 

method makes it possible to use the independence of observations 1 2, ,..., nX X X  on a fixed trajectory. 

At this time, it becomes possible to expand the estimated sum by the method presented in [11] and 

[15]. Grouping of identically distributed values into one sum according to the values of the control 

sequence is used. Each sum is then represented as two sums of centered quantities. Estimations for one 

of them are written down using the methods used in [10] and [11]. The sums of the second type are 

evaluated by the classical results obtained in {5}. The measurability of the quantities  n i  and their 

compositions with continuous functions (see [19]) with respect to the sigma algebra generated by the 

division of the probability space is used when fixing the trajectory 1n . 

 

Conclusion. 

With the method used in the paper, it is possible to determine the exact upper boundaries of 

the obtained estimates. The method gives the possibility to be used in determining the accuracy of 

other (including non-parametric) estimates. 

We would like to be thankful to our colleague Prof. Tengiz Shervashidze and will honor his 

bright memory. 
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